Abstract. The present lack of a stable method to compare persistent homology groups with torsion is a relevant problem in current research about Persistent Homology and its applications in Pattern Recognition. In this paper we introduce a pseudo-distance d T that represents a possible solution to this problem. Indeed, d T is a pseudo-distance between multidimensional persistent homology groups with coefficients in an Abelian group, hence possibly having torsion. Our main theorem proves the stability of the new pseudo-distance with respect to the change of the filtering function, expressed both with respect to the max-norm and to the natural pseudo-distance between topological spaces endowed with R n -valued filtering functions. Furthermore, we prove a result showing the relationship between d T and the matching distance in the 1-dimensional case, when the homology coefficients are taken in a field and hence the comparison can be made.
Introduction
The extension of the theory of Persistent Homology to the case of persistent homology groups with torsion is an important open problem. Indeed, the lack of a complete representation similar to the one given by persistent diagrams is a relevant obstacle to this development. However, this fact does not prevent us from using persistent homology groups with torsion for shape comparison. In order to show this, we introduce here a new pseudo-distance d T between persistent homology groups with coefficients in an Abelian group (hence possibly having torsion), proving that d T is stable with respect to changes of the filtering functions, measured by the max-norm. We also express this stability as a lower bound for the natural pseudo-distance between topological spaces endowed with R n -valued filtering functions. This approach opens the way to the use of persistent homology groups in concrete applications, extending some ideas developed in [22] for size homotopy groups to persistent homology. Now, let us illustrate how persistent homology groups with torsion can appear in applications. As an example, let us imagine to have to study all the possible ways of grasping an object by a robotic hand endowed with m fingers. Obviously, not all grasps can be considered equivalent. For example, some of them can be difficult to realize in practice, due to the position of the object and the technical capability of the hand. Therefore, it is reasonable to associate each grasp with a "cost", represented by a real number. In one of the simplest cases, we can consider two fingers grasping an object whose surface S is diffeomorphic to a spherical surface, in presence of friction. Each grasp can be seen as an unordered pair {p, q} of points on S, and we can consider the set G of all possible grasps (endowed with the Hausdorff distance between unordered pairs). If the cost of the grasp is given by a value ϕ G ({p, q}), we are naturally led to the problem of comparing the similarity of the grasps possible for two different objects with surfaces S and S , with respect to the cost functions ϕ G : G → R, ϕ G : G → R. This can be done by computing the (singular) persistent homology groups of each topological space G with respect to the filtering function ϕ G . In other words, we can consider the persistent homology groups H (G,ϕ G ) k (u, v) given by the equivalence classes of cycles in H k (G v ) that contain at least one cycle in G u , where G t represents the set of points of G at which ϕ G takes a value not greater than t. It is interesting to note that, in general, this procedure leads to groups with torsion, when the homology coefficients are the integer numbers.
To understand this, let us consider a particularly simple example. Let us assume that the cost of the grasp is given by the value ϕ G ({p, q}) = − p − q , so relating the cost of a grasp to the level of closure of the robotic hand. For the sake of simplicity, let us examine the case S = S 2 = {(x, y, z) ∈
(u, v) has torsion, when u < v < 0 and u is close enough to zero. Indeed, we can consider the continuous function f taking each unordered pair {p, q} ∈ G v to the direction of the line l through p and q (note that {p, q} ∈ G v implies p = q, so that l is well-defined). This direction can be seen as a point in the real projective plane RP 2 . Let us observe that, for v close enough to zero, the function f : G v → RP 2 is a homotopy equivalence (the homotopy inverse of f is the function g : RP 2 → G v that takes each direction w to the unordered pair {p, q}, where p and q are the points at which the line through (0, 0, 0), having direction w, meets S 2 ). Hence f induces an isomorphism between the singular homology groups of G v and RP 2 . As a consequence, since H 1 (RP 2 ) has torsion, the persistent homology group H
(u, v) has torsion, too, when u is close enough to zero. For an introduction to Topological Robotics we refer the interested reader to [21] .
Multidimensional persistence. Persistent homology has turned out to be a key mathematical method for studying the topology of data, with applications in an increasing number of fields, ranging from shape description (e.g., [5, 9, 24, 25] ) to data simplification [20] and hole detection in sensor networks [14] . Recent surveys on the topic include [18, 19, 23, 26] . Persistent homology describes topological events occurring through the filtration of a topological space X (e.g., creation, merging, cancellation of connected components, tunnels, voids). Filtrations are usually expressed by real functions ϕ : X → R called filtering functions. The main idea underlying this approach is that the most important piece of information enclosed in geometrical data is usually the one that is "persistent" with respect to the defining parameters.
Until recently, research on persistence has mainly focused on the use of scalar functions for describing filtrations. The extent to which this theory can be generalized to a situation in which two or more functions characterize the data is currently under investigation [1, 2, 3, 4, 7] . This generalization to vector-valued functions is usually known as the Multidimensional Persistence Theory, where the adjective multidimensional refers to the fact that filtering functions are vector-valued, and has no connections with the dimensionality of the space under study. The use of vector-valued filtering functions in this context enables the analysis of richer data structures.
An important topic in current research about multidimensional persistent homology is the stability problem. In plain words, we need to determine how the computation of invariants in this theory is affected by the unavoidable presence of noise and approximation errors. Indeed, it is clear that any data acquisition is subject to perturbations and, if persistent homology were not stable, then distinct computational investigations of the same object could produce completely different results. Obviously, this would make it impossible to use such a mathematical theory in real applications.
Up to our knowledge, no theoretical result is available for the metric comparison of persistent homology groups in presence of torsion, at the time we are writing.
Prior works. The problem of stability in persistent homology has been studied by Cohen-Steiner, Edelsbrunner and Harer in [11] for scalar filtering functions. By using a descriptor called a persistence diagram, they prove that persistent Betti numbers are stable under perturbations of filtering functions with respect to the max-norm, provided that the considered filtering functions are tame. The same problem is studied in [12] for tame Lipschitz functions. In [10] , Chazal et al. use the concept of persistence module and prove stability under the assumption that it is finite-dimensional. The problem of stability for scalar filtering functions is also approached in [13] , where it is solved by assuming that the considered filtering functions are no more than continuous, but only for the 0th homology.
Multidimensional persistence was firstly investigated in [22] as regards homotopy groups, and by Carlsson and Zomorodian in [6] as regards homology modules. In this context, the first stability result has been obtained for the 0th homology in [1] : A distance between the 0th persistent Betti numbers, also called size functions, has been introduced and proven to be stable under perturbations of continuous vector-valued filtering functions. Such a result has been partially extended in [2] for all homology degrees, under the restrictive assumption that the vector-valued filtering functions are max-tame.
Contributions. In this paper we introduce a new pseudo-distance d T between persistent homology groups, applicable also in the case that these groups have torsion (Theorem 2.2). Moreover, we prove that d T is stable with respect to perturbation of the filtering function, measured by the max-norm (Corollary 2.10). This result is a consequence of a new lower bound for the natural pseudo-distance δ (Theorem 2.8), which also implies an easily computable lower bound for δ (Corollary 2.9). Furthermore, we investigate the link between d T and the matching distance d match between persistent diagrams, in the particular case that the filtering functions take values in R and the coefficients are taken in a field, so that also d match can be applied (Theorem 2.4).
The structure of the paper is as follows. In Section 1 we recall the definition of persistent homology group and show some examples. In Section 2 the definition of d T is given and our results are proven.
Some definitions and properties in multidimensional persistence
In this paper, the following relations and ≺ are defined in R n : for u = (u 1 , . . . , u n ) and v = (v 1 , . . . , v n ), we say u v (resp. u ≺ v) if and only if u i ≤ v i (resp. u i < v i ) for every index i = 1, . . . , n. Moreover, R n is endowed with the usual max-norm: (u 1 , u 2 , . . . , u n ) ∞ = max 1≤i≤n |u i |. We shall use the following notations: ∆ + will be the open set {( u, v) ∈ R n × R n : u ≺ v}. For every n-tuple u = (u 1 , . . . , u n ) ∈ R n and for every function ϕ : X → R n , we shall denote by X ϕ u the set {x ∈ X : ϕ i (x) ≤ u i , i = 1, . . . , n}. If X is a compact topological space and ϕ : X → R n is a continuous function, we shall set ϕ ∞ = max x∈X ϕ(x) ∞ . Now we can recall the definition of multidimensional persistent homology group. Definition 1.1 (Persistent homology group). Let k ∈ Z. Let X be a topological space, and ϕ :
be the homomorphism induced by the inclusion map i : X ϕ u → X ϕ v with u v, where H k denotes the kth homology group with coefficients in an Abelian group G. If u ≺ v, the image of i * is called the multidimensional kth persistent homology group of (X, ϕ) at ( u, v). We shall denote it by the symbol H
is called the multidimensional kth persistent homology group of (X, ϕ).
In other words, the group H (X, ϕ) k ( u, v) contains all and only the homology classes of cycles born before or at u and still alive at v. We observe that, up to Definition 1.1, each persistent homology group is a function H (X, ϕ) k , taking each pair ( u, v) ∈ ∆ + to a group. In the rest of this paper, the superscript arrow will be omitted when the filtering function takes values in R. Remark 1.2. The choice of the particular homology we use is not essential in this context, in the sense that the results proven in this paper do not depend on this choice. However, while we will not further discuss this point, we recall that some important properties of persistent homology groups depend on the homology that is considered. As an example, the use ofČech homology with real coefficients allows us to assume that the function β ϕ : ∆ + → N ∪ {∞} that takes each pair ( u, v) ∈ ∆ + to the rank of the multidimensional kth persistent homology group of (X, ϕ) at ( u, v), is right-continuous in both its variables (cf. [8] ).
Example 1.3. Let RP 2 be the real projective plane, represented by the unordered pairs {p, −p} of opposite points of S 2 = {(x, y, z) ∈ R 3 : x 2 + y 2 + z 2 = 1}. Let us consider the filtering functions ϕ, ψ : RP 2 → R, defined by setting ϕ({(x, y, z), −(x, y, z)}) = |z| and ψ({(x, y, z), −(x, y, z)}) = 2|z|. Let us also consider the filtering function χ : S 2 → R, defined by setting χ(x, y, z) = |z|. For each (u, v) ∈ ∆ + , the persistent homology groups in degree 1 computed at (u, v) of ϕ, χ and ψ are displayed in Figure 1 , from left to right. The coefficients of the homology are taken in Z. Figure 1 . Three examples of persistent homology groups with integer coefficients, in degree 1. In the first and second case the topological space is the projective plane, represented by the unordered pairs {p, −p} of opposite points of S 2 , while in the third case the topological space is S 2 . The filtering functions are ϕ({(x, y, z), −(x, y, z)}) = |z|, ψ({(x, y, z), −(x, y, z)}) = 2|z| and χ(x, y, z) = |z|, respectively. In each region, the persistent homology group at the points of that region is displayed. The symbol 0 denotes the trivial group.
Since we do not take coefficients in a field, the homology groups we consider have torsion, in the general case. As a consequence, they cannot be described by persistence diagrams (cf. [11] ). It follows that the classical matching distance cannot be applied, if we are interested in the information given by the torsion part of our groups. However, we can define a pseudo-distance that does not suffer from this limitation. We shall do this in the next section.
The pseudo-distance d T and the proof of its stability
In the following, Ab will represent the collection of all Abelian groups, considered up to isomorphisms. : ∆ + → Ab the multidimensional persistent khomology groups associated with the pairs (X, ϕ) and (Y, ψ), respectively. We assume that the homology coefficients are taken in an Abelian group. Let us consider the set E of all ≥ 0 such that, setting = ( , . . . , ) ∈ R n , the following statements hold for each ( u, v) ∈ ∆ + :
(1) a surjective homomorphism from a subgroup of H
(2) a surjective homomorphism from a subgroup of H
equal to inf E if E is not empty, and equal to ∞ otherwise.
Before proceeding, we recall that the term "pseudo-distance" means that the considered function verifies all the properties of a distance, with the possible exception of the one assuring that two elements having a vanishing distance must coincide. The term "extended" refers to the possibility that the function takes the value ∞. 
and a surjective homomorphism g from a subgroup G of H
). Analogously, we can construct a surjective homomorphism from a subgroup of H
so proving the triangle inequality for d T .
As a simple example, we can easily check that d T takes the value 1 between the first two persistent homology groups represented in Figure 1 , and the value ∞ between the first and the third and between the second and the third persistent homology groups represented in the same figure.
Remark 2.3. We observe that the pseudo-distance d T is not a distance. For example, we can consider the two Abelian groups ∞ i=1 Z (obtained by adding infinite copies of the integer numbers) and
We can find two topological spaces X, Y such that their homology groups in degree 1 are these two groups, respectively. If we take the two filtering functions ϕ :
Obviously, if (u, v) ∈ ∆ + with u < 0 we get that both H
are the trivial group. In any case, it is easy to find a surjective homomorphism from H
However, the groups H
2.1. Relationship between d T and d match in the 1-dimensional case, if there is no torsion. Let us go back to the case of filtering functions taking values in R. In this case, if the Abelian group G of homology coefficients is also a field, it is well known that the persistent homology groups can be described by persistence diagrams, under the assumption that the topological space is triangulable (cf. [11] for tame filtering functions, and [8] for continuous filtering functions). The distance that is usually used to compare persistence diagrams is the matching distance d match .
In plain words, the persistence diagram is the collection of all points (u, v) where u and v represent the "birth" and "death" of a homology class, varying the sub-level sets of the topological space X with respect to the filtering function ϕ : X → R. Each one of these pairs (u, v) is endowed with a multiplicity. By definition, all the pairs (u, u) belong to the persistent diagram, each of them counted with infinite multiplicity. The matching distance d match between two persistence diagrams is the infimum of the cost of a matching (i.e. a bijective correspondence) between two persistence diagrams. The cost of a matching f is defined to be the maximum displacement of the points of the persistence diagrams, induced by f . Each displacement is measured by the max-norm on the real plane.
For a formal and precise definition of persistence diagram and d match , we refer the interested reader to [11, 8] .
It is natural to wonder if there is any relationship between d T and d match , under the hypotheses that we have just made.
We can prove the following result.
Theorem 2.4. Let X, Y be two triangulable spaces endowed with two continuous functions ϕ : X → R, ψ : Y → R. Let us consider the persistent homology groups H
with homology coefficients in a field. Let D ϕ and D ψ be the persistent diagrams associated with the filtering functions ϕ and ψ,
Proof. Since the coefficients are taken in a field, our persistent homology groups have no torsion, and they can be described by their persistent Betti numbers functions β ϕ , β ψ , where we set
Obviously, for each k ∈ Z, we have different persistent Betti numbers functions β ϕ of ϕ (which should be denoted β ϕ,k , say) but, for the sake of notational simplicity, we omit adding any reference to k.
Let us assume that the matching distance d match between our persistence diagrams takes the valuē λ. Then, from the Representation Theorem 2.17 in [8] (cf. also the k-triangle Lemma in [11] ), it follows that for every λ >λ and every pair (u, v) ∈ ∆ + the inequalities β ϕ (u − λ, v + λ) ≤ β ψ (u, v) and We point out that the natural pseudo-distance is not a distance because it can vanish on two distinct pairs. However, it is symmetric, satisfies the triangular inequality, and vanishes on two equal pairs.
The natural pseudo-distance has been studied in [15, 16, 17] in the case of scalar-valued filtering functions on manifolds, and in [22] in the case of vector-valued filtering functions on manifolds.
We are now ready to show that the pseudo-distance d T is stable. We begin by proving a useful lemma. Now we can prove that d T gives a lower bound for the natural pseudo-distance δ.
Theorem 2.8. Let X, Y be two compact topological spaces endowed with two continuous functions
Proof. Let us setδ = δ (X, ϕ), (Y, ψ) . Because of the definition of natural pseudodistance, for each η > 0 we can find a homeomorphism h η : X → Y such that ϕ− ψ•h η ∞ ≤δ+η. By applying Lemma 2.7
to both the homeomorphisms h η : X → Y and h Proof. It follows from Theorem 2.8, observing that our hypotheses easily imply that the inequality
Our last result illustrates the relationship between d T and the change of the filtering function, measured by the max-norm. It shows that d T is a stable distance.
Corollary 2.10. Let X be a compact topological space endowed with two continuous functions ϕ :
Proof. It follows from Theorem 2.8, observing that δ (X, ϕ), (X, ψ) ≤ ϕ − ψ ∞ .
Conclusions
The main contribution of this paper is the proof that it is possible to compare persistent homology groups in a stable way also in presence of torsion, although no complete representation by persistent diagrams or other compact descriptors is available, at the time we are writing. Our approach, based on the new pseudo-distance d T , opens the way to experimentation in the case that the homology coefficients are taken in an Abelian group instead of a field. In this case, the classical matching distance between persistent diagrams cannot be applied without forgetting the information contained in the torsion of the persistent homology groups. We plan to extend these ideas to other concepts and problems in Multidimensional Persistence.
